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In quantum theory, one usually follows the notion of an algebraic connection on modules
and sheaves [9, 7, 15]. According to this notion, a connection r on the C
1
(R)-algebra P (R)
assigns to the standard vector eld @
t
on R a derivation of this algebra
r
t
2 Der (P (R)) (1)







;  2 P (R); f 2 C
1
(R):
The bre bundle P ! R is obviously trivial, though it has no canonical trivialization in








where Æ(t) at each t 2 R are derivations of the C























  Æ(t)]() = 0: (3)
One can think of the equation (3) as being the Heisenberg equation describing quantum
evolution. An integral section (t) of the connection r is a solution of this equation. We
also say that (t) is a geodesic curve in A.
In particular, let the derivations Æ(t) = Æ be the same for all t 2 R. If Æ is a generator of
a 1-parameter group g
r
of automorphisms of the algebra A, then for any a 2 A, the curve
(t) = g
t
(a); t 2 R; (4)
in A is a solution of the Heisenberg equation (3).
There are certain conditions in order that a derivation Æ of a unital C

-algebra to dene
a 1-parameter group of its automorphisms [2, 11, 14].
Remark 1: Let V be a Banach space. An operator a in V is said to be bounded if there is
 2 R such that
jjavjj  jjvjj; 8v 2 V:
The algebra B(V ) of bounded operators in a Banach space V is a Banach algebra with





It is provided with the corresponding norm topology, called the norm operator topology.
Another topology in B(V ), referred to in the sequel, is the strong operator topology. It is




= fa 2 B(V ) : jjavjj < " g; 8v 2 V; 8" > 0:
One also introduces weak, ultra-strong and ultra-weak topologies in B(V ) [4, 14]. Note that
the s-topology in [1] is the ultra-strong topology in the terminology of [4]. The algebra
B(V ) is a topological algebra only with respect to the norm operator topology because the
morphism
B(V )B(V ) 3 (a; b) 7! ab 2 B(V )
is continuous only in this topology. The norm operator topology is ner than the other above
mentioned operator topologies.
Proposition 1: If Æ is a bounded derivation of a C





= exp[rÆ]; r 2 R;
of automorphisms of A, and vice versa. This group is continuous in a norm topology in
Aut (A). Furthermore, for any representation  of A in a Hilbert space E

, there exists a
self-adjoint bounded operator H in E

such that






; 8a 2 A; r 2 R: (5)
Note that, if the domain of denition D(Æ) of a derivation Æ coincides with A, this
derivation is bounded. It follows that, by denition, the derivations Æ
t
, t 2 R, in the
connection r
t
(2) are bounded. It follows that, if a quantum system is conservative, i.e.,
Æ
t
= Æ are the same for all t 2 R, the Heisenberg equation (3) has a solution (4) through any
point ofRA in accordance with Proposition 1. Proposition 1 also states that the description
of evolution of a quantum conservative system in terms of the Heisenberg equation and that
based on the Shrodinger equation are equivalent.
However, non-trivial bounded derivations of a C

-algebra do not necessarily exist. More-
over, if a curve g
r
is continuous in Aut (A) with respect to the norm operator topology, it
implies that the curve g
r
(a) for any a 2 A is continuous in the C

-algebra A, but the converse
is not true. At the same time, a curve g
r
is continuous in Aut (A) with respect to the strong
operator topology in Aut (A) if and only if the curve g
r
(a) for any a 2 A is continuous in A.
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By this reason, we are also interested in strong-continuous 1-parameter groups of auto-
morphisms of C

-algebras. We refer the reader to [2, 11, 14] for the suÆcient conditions
which a derivation Æ should satisfy in order to be a generator of such a group. Note only
that Æ has a dense domain of denition D(Æ) in A, and it is not bounded on D(Æ). If Æ is
bounded on D(Æ), then Æ is extended uniquely to a bounded derivation of A. It follows that,
for a strong-continuous 1-parameter group of automorphisms of A, the connection r
t
(2) is
not dened on the whole algebra P (R). In this case, we deal with a generalized connection
which is given by operators of a parallel transport whose generators are not well-dened. It
may also happen that a representation  of the C

-algebra A does not carry out the repre-
sentation (5) of a strong-continuous 1-parameter group g
r
of automorphisms of A by unitary
operators. Therefore, quantum evolution given by strong-continuous 1-parameter groups of
automorphisms need not be described by the Shrodinger equation in general.
Turn now to the time-dependent Heisenberg equation (3). We require that, for all t 2 R,
the derivations Æ(t) are generators of strong-continuous 1-parameter groups of automor-
phisms of a C

-algebra. Then the operator of a parallel transport in A with respect to
the connection r
t

















Hence, for any a 2 A, we have a solution
(t) = G
t
(a); t 2 R
+
;
of the Heisenberg equation (3).




of instantaneous quantum systems be isomorphic to the von
Neumann algebra B(E) of bounded operators in some Hilbert space E. Then we come to
quantum evolution phrased in terms of the Shrodinger equation. Let us consider a locally
trivial bre bundle ! R with the typical bre E and smooth transition functions. Smooth
sections of the bre bundle  ! R constitute a module (R) over the ring C
1
(R) of real
functions on R. A connection r on (R) assigns to the standard vector eld @
t








which obeys the Leibniz rule
r
t




 ;  2 (R); f 2 C
1
(R):





( ) = (@
t
  iH(t)) ; (8)
4
where H(t) at all t 2 R are bounded self-adjoint operators in E.
Note that every bounded self-adjoint operator H in a Hilbert space E denes the bounded
derivation
Æ(a) = i[H; a]; a 2 B(E); (9)
of the algebra B(E). Conversely, every bounded derivation of B(E) is internal, i.e., takes
the form (9) where H is a self-adjoint element of B(E). Therefore, the operators H(t) in the
expression (8) are necessarily bounded and self-adjoint.
We say that a section  (t) of the bre bundle  ! R is an integral section of the
connection r
t
(8) if it satises the equation
r
t
( ) = (@
t
  iH(t)) = 0: (10)
One can think of this equation as being the Shrodinger equation for the Hamiltonian H(t).
In particular, let a quantum system be conservative, i.e., the Hamiltonian H(t) = H in
the Shrodinger equation is independent of time. Then, for any point y 2 E, we obtain the
solution
 (t) = e
itH
y; t 2 R;
of the conservative Shrodinger equation. If the Shrodinger equation (10) is not conservative,
the operator of a parallel transport in E with respect to the connection r
t
(8) over the

















Then, for any y 2 E, we obtain a solution
 (t) = G
t
y; t 2 R
+
; (12)
of the Shrodinger equation (10).
Note that the operator G
t
(11) is an element of the group U(E) of unitary operators in
the Hilbert space E. This is a real innite-dimensional Lie group with respect to the norm
operator topology, whose Lie algebra is the real algebra of all anti-self-adjoint bounded op-
erators iH in E with respect to the bracket [iH; iH
0















g, 8g 2 U(E). Therefore, G
t
can be seen as the operator of a parallel transport in the trivial principal bundle RU(E).
Accordingly, the operator (6) can be regarded as the operator of a parallel transport in the
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trivial group bundle R  Aut (A), where the group Aut (A) acts on itself by the adjoint
representation.
It should be emphasized that the 1-parameter group G
t
dened by the equation (13) is
continuous with respect to the norm operator topology in U(E). Turn to the case when
the curve G
t
is continuous with respect to the strong operator topology in B(E). Then
the curves  (t) = G
t
y, y 2 E, are also continuous, but not necessarily dierentiable in E.
Accordingly, a Hamiltonian H(t) in the Shrodinger equation (10) is not bounded. Since
the group U(E) is not a topological group with respect to the strong operator topology, the
product RU(E) is neither principal nor smooth bundle. Therefore, the conventional notion
of a connection is not applied to this bre bundle. At the same time, one can introduce a
generalized connection dened in terms of parallel transport curves and operators, but not
their generators [1].
Note that the description of quantum evolution as a parallel transport in a principal
bundle can be extended to quantum systems depending on a set of classical time-dependent
parameters in order to explain the Berry's phase phenomenon [9, 15, 16].
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